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Abstract 
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the heat equation are established from a probabilistic viewpoint, which simplifies 
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1 Introduction and Main Result 

Let M be a <i-dimensional differential manifold without boundary which carries a C 1,oc - 
family of time-depending Riemannian metrics [gt)t&[o,T], T < oo. Let V*, A t be the 
Levi-Civita connection and the Laplace-Beltrami operator associated with the metric g t 
respectively. For simplicity, we take the notations: for X, Y e TM, 



where Ric t is the Ricci curvature tensor with respect to g t . When TZ t = 0, then (gt)te[o,T\ is 
a solution of a Ricci flow. Here and in what follows, the Ricci flow will mean (probabilistic 
convention): 



Suppose a smooth positive function u : M x [0, T] — > R satisfies the heat equation 



Kt(X,Y) := Ric t (X, Y) + d t g t (X, Y), 







* Correspondence should be addressed to Li-Juan Cheng (E-mail: chenglj@mail.bnu.edu.cn) 



on M x [0, T]. In this paper, we look at the Ricci flow (1.1) combined with the heat 



equation ( |1.2[ ). The study of the system (1.1)- (1.2) arose from R. Hamilton [9]. The 



system was further pursued e.g. in [§]. A large amount of work was done to understand 



several problems that are similar to (1.1) -(1.2) in a way or another, see e.g. [T2l 15] l6t 14"] 
and the reference within. 

Bailesteanu, Cao, Pulemotov [I], Liu [H], and Sun[16] independently established a 



series of gradient estimate for positive solutions of the heat equation (1.2) on M under 
the Ricci flow by using some analysis methods. In this paper, we want to investigate them 
from a probabilistic viewpoint. When the metric is independent of t, this point of view 
has been work well for local estimates in positive harmonic function [2J and for Li-Yau 
type gradient estimates. 

From technical viewpoint, the method is essentially due to j3]. The key to deal with 
these problems is how to construct suitable submartingales. Note that, compared with 
previous work, we simplify the proof and obtain the gradient inequalities more explicitly. 

We will use the notations | ■ |, (•, •) for the norm and metric with respect to g t for 
simplicity. It is clear that they all depend on t. Denote ||/||d stands for sup^, \f(x,t)\. 
The following formulas for solutions of the heat equation on a manifold without boundary 
depend on the fact that the solutions are strictly positive. 

When M is compact, the main result is presented as follows. 

Theorem 1.1. Suppose the manifold M is compact and < Ric* < k, t G (0,T]. Let 
(M, gt)te[o,T] be a solution of the Ricci flow. Assume a smooth positive function u : M x 



[0, T] — y K satisfies the heat equation (1.2). Then the following estimates 



|V*w| 2 \\u\\ M x[o,t] |V'm| 2 A t w 2n 

<\/-log — ; — <kn + — (1.3) 

u V t u u z u t 

hold for all M x (0,T]. 

Before moving on, let us give some comments on this theorem. 

(1) The first inequality in Theorem |1.1| does not need the curvature condition: < 
Ricf < k, t G [0, T], which can be referred in [12], [6] by using some analysis 
methods. 

(2) In [4], the authors obtain - < 2kn + \ by using the maximal principle, 
which has a little difference from our result. 

(3) When the manifold M carries boundary, we turn to consider the system as follows: 
for A > 0, 

'&g(x,t) = -RicOM), (x,t) G M x [0,!T]; fl 4) 

Shen [15] give the proof of the short time exitance of the solution. See also [1] for 
more geometric explanation. Suppose a smooth positive function u : M x [0, T] — y K 



2 



satisfies the heat equation 



N t u(x,t) 



lA t u(x,t), 



(t,x) G [0,T] x M; 
x e dM, 



1.5) 



where N t is the inward unit normal vector field of the boundary associated with g t . 



It is easy to see that we can deal with the system (1.4)-(1.5) by using some reflecting 



gt-Brownian motions. We will explain in Remark 2.3 that Theorem 1.1 also holds 



for the system (1.4)-(1.5) 



When the manifold M is noncompact, we want to give the local version of the gradient 
estimates. Before of this, some pieces of notations should be introduced at this point. We 
write pt{x, y) for the distance between x G M and y G M with respect to gt- Fix xq G M 
and p > 0. The notation B p T stands for the set {(x,t) G M x [0, T] \ p t (x,x ) < p}. We 
obtain the following results from Theorem |3.1| and Theorem |3. 10 directly. 



Theorem 1.2. Suppose (M, gt)te[o,T] is a complete solution of the Ricci flow (1.1). As- 
sume that | R.ic t | < k for some k > and all (x,t) G B p t, and a smooth positive function 
u : M x [0, T] — )■ 



|V'd 



A t u 2a n 
a < — : h 



satisfies the heat equation (|1.2|). Then for a > 1, 
a 2 nir 2 nil + a 4 (a - 



u 



t 



(4 



7T 



and 



u 



u 



< 2 



1 4n 2 (n + 7) 
t + (4 - tt) 2 p 2 



lQkn 



2n 



(4- 

lnn 2 (n + 3) 
"(4 



7T 



7T)V 2 



4 + log 

4 + tt' 




+ 



a 



a — 1 



a 2 kn, 



u b 



71 



nk 



32n7r 



(4 



tt) 2 P 



+ V2nk 



W'ul 



B 



hold for all (x, t) G Bp t with t ^ 0. 



We know that in jH HH [16], the first two inequalities in Theorem 1.2 have been 
established. Although there are some difference on the explicit coefficients on the right 
hand side of these inequalities, the main order about t and p is the same. Also, see [4J for 
the further application to the Li-Yau Harnack inequalities. 

In the following content, we investigate the announced problems for general geometric 
flows directly, not restrict to the Ricci flow. We will study the gradient estimate of 
Hamilton type and Li-Yau type in the rest two sections respectively. Remark that except 
as noted, all the discussions below are based on the manifold without boundary. 



2 Gradient estimates of Hamilton type 

In this section, we explain how submartingales related to positive solutions of the heat 
equation can be turned into gradient estimates of Hamilton type, i.e. the space-only 
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gradient estimates. Before of this, let us introduce basic formulas for solutions of the 
heat equation and some useful (sub) martingales, which are important throughout all the 
content. 



Lemma 2.1. Let u = u(x,t) be a positive solution of (1.2) on M x [0, T\. Then the 
following equations hold: 

1 |V*u| 2 
2 



1 



A t - d t ) (u log u) 



A t -d t 



IV*ul 



u 



Hess', — 



u 



^(V'm, V*u) 



It 



(2.1) 
(2.2) 



The two equalities in Lemma 2.1 can be checked directly. Equation (2.2) in Lemma 2.1 



gives raise to some inequalities frequently used in the sequel and crucial for our approach. 
Let / = logw. One can easily see that 

2 



Hess! 



u 



u Hess 



/I 



> "(A t /) 2 
n 



— (\u 
nu \ 



u 



(2.3) 



Then if lZ t > —k(t) on M for some k G C([0, T]), then we have 

7t n , 12 1 / IV7^,|2\ 2 



> — 

u nu 



> 



1 



nu 



u 

|V f M | 2 



+ 



fc(t) 



u 

|V^| 2 



> 



IV*ttl 



(2.4) 



Let (X 4 T ) be a p(T — t)-Brownian motion on M (see pQ for the detailed construction), 
and {P s ,t}o<s<t<T be the associated semigroup. Then it is easy to see that Pr-t^f is a 



solution of the equation (1.2). Based on Lemma 2.1, the following (sub)martingale can 
be constructed as in [3|, Lemma 2.4] directly. Here, we skip the proof. 



Lemma 2.2. Let u(x,t) = PT-t,Tf(x) be a positive solution of the heat equation (1.2) on 



M x [0, T] . If1Z t > —k(t) for some k G C([0, T}), then for any g(T — t)-Brownian motion 
(X t T ) on M , the process 



H t := h{t) 



\^ l PT-t,Tf\ 2 , V T 



-(X 



T-t) 



(P T _ tjT /logP T _ t , T /)(X£ 



where h(t) 



PT-t,TJ 

is a local supermartingale (up to lifetime). 



t)-> 



(2.5) 



i r* 

2 



Remark 2.3. Consider the system (1.4)-(1.5) for the manifold with boundary, (Xf) is 
a reflecting g{T — t)-Brownian motion. We claim that H t constructed in Lemma 2.2\ is 
still a local submartingale. Since I t = A > and N t Px-t,Tf = by [^[Theorem 2.1(2)] ; 
it is easy to check that N t H t > 0, which leads to the assertion above. So the following 



discussion in this section also holds for the system (1.4) -(1.5) 
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By Lemma 2.2, we have the following gradient estimate directly. 



Theorem 2.4. Let u(x,t) = Pr-t,Tf(x) be a positive solution of the heat equation (1.2) 
on a compact manifold M. Assume that !Z t > —k(t) for t G (0,T]. Then for t G (0,T], 
we have 



u 



(x,t) < 



J* e -i:k(r)dr ds 



T—t.T 



f 



log 



Pr-t,rf Pr-t,rf 



(x). 



Proof. When M is compact, the local submartingale H t defined in (2.5) is a true sub- 
martingale. Then the following argument is the same as in [5J Theorem 3.1]. □ 

By normalized / as /* = f/Pr-t,Tf m Theorem 



2.4 



we conclude 



Corollary 2.5 (Gradient inequality of Hamilton type). Let M be a compact manifold 
such that IZt > —kit) for some k G C([0, T]). Suppose that u(x,t) is a positive solution 
of the heat equation (1.2) on M x [0,T]. Then for t G (0,T] ; we have 



t„,|2 



-{x,t) < 



In particular, if IZt > 0, then for t G (0,T] ; 

|V*it 



log 



I m IImx[o,t] 



u 



(2.6) 



u 



\ u \\Mx[0,T] 

u(x, t) 



Our next step is to localize the arguments to cover the solution of the heat equation on 
D C M x [0, T], where D is a relatively compact open subset of M x (0, T] with nonempty 
smooth boundary. Our argument is based on the following assumption. 

Assumption (A) !Z t > —k±, —k 2 < d t g t < k 3 hold for some positive constants k\, k 2 , k% 
on the domain D. 

Let (f G C 1,2 (D) with ip > and ^\q D = 0. We denote 

u t = u(t, -)(XZ_ t ), Vu t = V*u(t, -)(XZ_ t ) 

and A t U( = A t u(t, -)(X^_ t ). And write 



t„.\2 



q(t,x) 



-(t,x) and q t = q{t,X^_ t ). 



We now study the following process on D, 



where 



2u t 

Ci 
t 



u t (l - \ogu t ) 2 Z t , 

Cl +c 3 



T-t) 



for some constants C\, C 2 , C 3 > 0, which will be specified later. The following conclusion 
is derived by using the property of the process St. 
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Theorem 2.6 (Local gradient inequality of Hamilton type). Assume (A) holds. Let u 
be a solution of the heat equation on D, which is positive and continuous on D. Then 



u 



(x, t)<2[]+ su Pg {7|VV f | 2 -^(A t -2^} +h )( 4 + lof ll«lln 



u 



(2.7) 



holds for (x,t) G D,t ^ 0. 



Proof. The proof is similar to the proof of [21 Theorem 6.1]. As the completeness of our 
exposition, we present it in the Appendix. □ 



Now we choose D = B p< t for some p > 0. To specify the constants of (2.7) in terms 
of (p, an explicit choice for p has to be done. 

We fix (x, t) G B p /2 t T- For any y G B pTl p t (x 0l y) < p for t G [0, T}. Consider on B pT , 



<p(t,y) ■■= cos 



2p 



(2.{ 



if is nonnegative and bounded by 1, and tp vanishes on dB pT . Because (x,t) G B p / 2t T, 
this gives us 

(2.9) 



vrp t (a; ,x) 7rp t (x ,x) vr 

09 4 X = COS > 1 > 1 . 

^ v ; 2p ~ 2p ~ 4 



By convention, A^ t 2 = at points where 2 is not differentiable. As a consequence, 



all estimates in Theorem 2.6 remain valid with <p defined by (2.8) 



We are now going to derive explicit expressions for the constants. To this end, we 
observe that 

(2.10) 



llvV<lk. < 2p 

Since !Z t > — ki, —k 2 < d t g t for hi, k 2 > 0, by the index lemma, we have 



-(A t - 2d t )(p t =sin 



< sin 



np t {xo,y) 7T 
2p 2p 
7rp t (x ,y) vr 



(A t - 2d t )pt(x , -)(y) + cos 



npt(xo,v) 



71' 



t„ |2 



2p 2p lp t (x ,y) 



n — 1 



+ {h + k 2 )pt(x ,y) 



2p 4p 2 

2 

+ 



7T 



4p 2 



tc n IT 



<^ + -(k 1 + k 2 ). 



(2.11) 



Then, we further have 



sup{7|VVtr - Vt(A t - 2d t )<p t } < 



n 2 (n + 7) n 



B 



p.T 



4p 2 



+ 77(^1 + ^2). 



(2.12) 



Especially, under assumption of Theorem 1.2, k\ = 0, k 2 = k 3 = k. Then the second 



assertion of Theorem 1.2 can be derived by combining the estimates (2.9), (2.12) and 
Theorem 12.61 
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3 Li-Yau type gradient inequalities 



Our main task of this section is to extend the argument of the Li-Yau type inequalities 
to the inhomogeneous setting. We keep the assumption (A) as standing assumptions for 
the rest of the paper. Define 

Y t = C x r x + C 2 ^r 2 (^T-J + C 3 max{£; 2) k 3 } + {a - l)-\h + ak 3 ), a > 1, (3.1) 

where Ci, C2, C3 > are constants which will be specified later. Let h t be the solution of 
ht = h t Y t , hx — 1- Recall that 



By studying the following process, 



t„.\2 



(t,X^_ t ). 



S-, 



t.a ■- 



h t {q t - ctA t u t ) - (3nu t h t = h t (q t - aA t u t - n/3u t Y t ) , 



(3.2) 



where (3 > will also be specified later, we obtain the main result in this section. 
Theorem 3.1 (Local gradient inequality of Li-Yau type). Assume (A) holds. Let u be a 



solution of the heat equation (1.2) on D, which is positive and continuous on D. For any 
a G (l,+oo) ; we have 



V*tt 



*„.|2 



A t u 2 

a < na ( — h 

u 



2Q 



ip,a,n 



+ max{fc 2 , ^3} + (a — 1) {k\ + ah. 



t if 2 t {x) 

where C^ n := sup £) {(3 + a 4 (a - l) _1 n)|VV<| 2 - <Pt{A t - 2d t )(pt}- 



(3.3) 



Remark 3.2. (1) When the manifold M is compact, consider the system (1.1 )-( 1.2 ) 



Under assumptions of Theorem \l.l\ then k\ = k 3 = 0, ki = k. Replacing Y t in (3.1) by 
Cit- 1 + C 2 k and 5 a , t m Q by 

h t (q t - A t u t ) - n(3u t h t , 



we have the second assertion in Theorem 1.1 with a similar discussion as in the proof of 
Theorem \3.1\ 

(2) Adding the parameter (3 is to promise that a can be chosen for any a > 1. This makes 
up the deficiency of traditional method applied in , where a only can be chosen from 
the interval (1, 2). 



Proof of Theorem 13.11 We first investigate the martingale property of Sf a - By (2.2) 



and (2.3), we find (modula differential of local martingales) 



d{h t q t ) < 



Mt||Hess / || JfS + (h t + k x h t )q t 



dt, 
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where Hess}(X,F) = (V^V*/,y) for X,Y e TM, f = logw and || • \\ HS is the Hilbert- 
Schmidt norm. It is easy to see that the process (Xy_ t ) is generated by — |A t . Observing 
(modula differential of local martingales) 

d(A t u t ) = [-u t (d t g t , Hess t / ) A2T , M - uAg^f, V*/)] dt 
> [-M t (^,Hess* / ) A2T , M - fc 3 Mt|VV| 2 ] dt, 

where (•, -)a 2 t*m is the fiber metric on A 2 T*M induced by g t , we have 

dS t , a =dh t q t - n/3u t d(h t Y t ) - n(3d[u, h] t - adh t A t u t 

<[ - htUtWRess^us + ah t u t (d t gt,iiess t f ) a2t , m - ah t (A t u t )]dt 
+ (h t + kih t + ak 3 h t )q t dt - n/3u t h t Y t 2 dt 

+ n/3u t h t [dr 2 + C 2Cv (t, Xl_ t ) V ~\Xl_ t )] dt - nC 2 f3h t d[u, if7 2 (X^_.)] t , (3.4) 
where c v (t,x) = [3|VV<| 2 - ft(\ - 2<9 t )</? t ] (%)■ Observing A t f t = ^(A t u t -qt), we have 

dS t , a < [ - h t u t || Hess} \\ 2 HS + ah t u t (d t g t , Hess* / ) A2T , M - ah t u t {A t f t )]dt 
+ (k\ + ak 3 )h t q t dt — (a — l)h t q t dt — n(3u t h t Y 2 dt 

+ n$u t h t [C x t- 2 + C 2 c^t,Xl_ t ) V -\Xl_ t )\dt - nC 2 {3htd[u,<p7 2 (XT_,)) t . (3.5) 
Since for any a, b > such that a + b = a" 1 , 



ll Hess /H^5 - a ( d t9t, Hess}) 



A 2 T*M 



{[aa + ba] ||Hess}||^ s - a(d t g u Hess}) A2T „ M } 



> 



aa||Hessj|| HS . + 
aa||Hess}||^ s — 



a 



VbE 



a 
46 



ess , 



2 

HS 



2Vb 



d t gt 



HS 



a 
lb 



tgtwus 



(3.6) 



at (x,t) G D. In addition, with a similar calculation as in the proof of [31 Lemma 4.1], 
we have 

-nPC 2 h t d[u, V 7 2 (X?_.)} t = 2n(3C 2 h tV f (V*w t) Wt> dt 

< 2nC 2 /ii[^- 1 ((a - l)- 1 ^**)- 1 / 2 !^! x f3((a - l)- l nu t ) l l 2 ^p7 2 \ VV*|]dt 

< [CA^- 2 (a - l)^- 1 ! W| 2 + n 2 C 2 ^/3 2 (a - l)" 1 ^" 4 ! VW] dt 

< {[(a-l)/ lt -(A; 1 + aA ; 3)/ i t]gt + C' 2 (a-l)- 1 ^V W A^ 4 |VV t | 2 idt. (3.7) 



As -(A t ft) 2 + Y t A t ft > — ^rS and combining this with (|3.5[), (|3.6[) and (|3.7[), we arrive 



at 



dS t , a < -nh t Y 2 u t (j3 - ^-j + ^w t /i t max{A; 2 , A; 2 } 
+ nutht (fidr 2 + (3C 2 C^ n ^\Xl_ t )) dt, 



dt 



(3.1 
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wherea + 6 = a 1 and C^ a ^ tn = sup £) {(3 + (3 2 (a - 1) 1 n)\V t (p t \ 2 - ft{^t ~ 2d t )<pt}. Let 



" - B °? £ {» - B <* - ^ c -» £ °- {» - B <% - S s °- 



Using 



then the right side of (3.8) is nonnegative. 



Consider the process {^r-s}se[o,t] with X^_ t = x and (t,x) E D. Let r(x) := sup{s < 
t : X^_ s ^ D,s > 0} and sup = 0. Since qt — aA t Ut — nUfY t converges to — oo as t tends 
to V t(x). Since St >a has nonpositive drift, we obtain S t>a (x) < for t G (0, T], which 
implies 



iv^l 2 



<iA '' !i <n/3( — + - ( ^ + C 3 m&x{k 2 ,k 3 } + (a-l)- 1 {k 1 + ak 3 ) ) , (3.9) 



where 



t tpj(x) 



PC, > C3/3 > ^ a t n and /3 2 C 3 2 > 



/3 - — ' 

^ 4a ^ 4a 



/3 



4 K/3 - £) 



Choosing /3 = ^ > such that is minimized, i.e. 



/3 2 _ a 



Then, 



/3Ci > — , > Ctpap-—, C 3 (3 > ——. 
a a 4ao 

Set a = b = i C„ >a , n := sup D {(3 + a 4 (a-l)- 1 n)|VV < | 2 -^(A i + 2a t )^}. Then /5 = a 2 
Selecting Ci, C2, C 3 such that 

/3C 3 = a 2 , C 2 (3 = 2C ip ^ n a 2 , [3C± = 2a 2 , 



we complete the proof by taking these constants C\, C 2 , C 3 into (3.9). 



□ 



Now, we turn to studying the Li-Yau type inequality with lower order term. Our 
discussion is still based on assumption (A). Let 

b t = i±tUt - nu t A, 

where Z t = C\t~ l + C 2 (ff 2 (X^_ t ) + C3 with constants C\, C 2 , C 3 > to be specified later. 
Let 

c v : = sup{3|VV*| 2 - ^( A t - 2dt)<Pt}- 

D 



By a similar calculation as in the proof of Theorem 3.1, we have 

2 



dS t < 



a flV'ut] 2 A V „ , JV^I 2 n rj2 l2l 

A f w t ] + (fci + fc 3 ) — h — M t max{fc 2 , k 3 \ 



nut \ Ut J Ut 4:b 

+ nutidt' 2 + C 2 c^\X^_ t ))dt - nC 2 d[ipT 2 {X^_),u 



dt 



ti 
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where a + b = 1. Since 

-nC 2 d[<fi 2 {X^ t ),u] t =1nC^- t \X T T _ t 

|V«| 



<2nC 2 ut 



u 



— ,^W t (^-t)V* d * 

Wi / 
|^.W.||D^- 4 (^T- t )dt, 



1) 



we arrive at 

d£ t < 



a 

X ( C,n + 2 



|V«| 



Ci 



+ 



Co 



u 



\\<P-V<P-\\d 



D 



t 2 

dt + nu t 



h + k 2 



+ ~~rr nu t maxjA^, k^}dt. 



Then, letting Ci = C 2 



|V«| 



l|y.vc r -V.|| 



n 



and 



|Vu| 



u 



dt 



D 



fcl + fc 2 



an 



|Vu| 



+ 



D 



4a6 



max{fc 2 , ^3}, 



we obtain 



dS t < 



St 



A t u t + nu t Z^j dt 



nu t V Ut 

and on {S t > 0}, the process S t has nonpositive drift. Set a — b — |. Consider 
{-^T_ s }se[o,t] starting from x at s = t. Since Sj goes to —00 as s — > A r(x), where 
t(x) = sup{s < t : Xf_ s D, s > 0}, we obtain the following result. 



Theorem 3.3 (Local Li-Yau type with lower order term). Assume (A) holds. Let u - 

\Vu\ 



u(x,t) be a positive solution of (1.2) on D. Then 



|V*tt 



t„.\2 



A t u ^2n r 2nc v 



< 

M t 



+ max{fc 2 , ^3}^ + I 4n 



+ ^2n{k t + fc 3 ) 



(3.10) 



D 



where c v : = sup D {3| VVt| 2 - <£t(A t ~ 2d t )<p t }. 



When D = Bp t T, is chosen in (2.8). Moreover, let Cut^o) be the set of the g t 
cut-locus of xo on M. Since the time spent by Xf_ t on IJte[oT] Cut t (xo) is a.s. zero (see 
the differential of the brackets [(p.(X^ _ ),u.] t rnay be taken as at points where 



ip t 2 is not differentiable. Therefore, Theorem 3.1 and Theorem 3.10 hold for this (p, and 
we have the following estimates following from (2.10) and ( |2.11[ ). 

7T 2 (n + 3) 7T 



Cip = sup{3| Wtl 2 - <p t (A t - 2d t )<p t } < 



B 



p.T 



C m = sup{(3 + a\a - l)-^)!^ 2 - <Pt(\ - 2d t )<p t } 



B. 



p.T 



n 2 (n + 3 + a 4 (a - lV 1 ^ ir„ 
<^ } -^ + - 2 {k 1 + k 2 ) 



(3.11) 



(3.12) 
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Under assumption of Theorem 1.2, k\ = 0, hi = k^ = k, and by the estimates (3.11) and 
(3.12), we prove the rest result in Theorem 1.2 from (3.3) and (3.10) directly. 
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4 Appendix 

Proof of Theorem 12.61 Assume that < u < e~ 3 (the assumption will be removed in 



Theorem 2.6 through replacing u by e 3 tt/||tt||£>). Using the fact that (modula differential 
of local martingales) 

V'(w t (l -logw t ) 2 ) = (log 2 w t - l)V'w 4 and d(u t (l - \ogu t ) 2 )= - q t log^dt, 

we get 

dS t J-d (LY^l _ Ut( i _ \ogu t ) 2 dZ t - Z t d{u t {\ - logu t ) 2 ) 

- 2C 2 (1 - log<)(l + logu t )^ 3 (X^_ t ) {V l u tl VVt(Af )) dt 

<h iqt dt + u t {l - logu t ) 2 [dr 2 + C 2 c v (t, X^_ t )^\X^_ t )] dt + \ogu t q t Z t dt 

- 2C 2 (1 - lo gWt )(l + logu t )ipf{X^_ t ) (Vwt, V t <p t (X$_ t )) dt, 

where c v (t, x) = [3|VV< | 2 — ¥t(\ — 2d t )<p t ] (x). Now from u < e~ 3 , we get 2\ogu t < 
—3(1 — logw t )/2, this together with |1 + logu t \ < 1 — log-U( yields 
1/3 



dS t <(log u t - 1] 



2 \2 



Zt-kAqt- u t (l - logut^dr 2 - C 2 c ip {t 1 X^_ t )ip^{X^ t )) 



dt 



- C 2 (l - logu t )2V2^(X^ t )\V t ^ t (X^ t )\^^\X^ t )J^ dl 



<(dogu t - 1) 



(Z t - kx)-q t - u t {l - logut) 2 



x (C.r 2 + C 2 {c v + 4|VV*(X^,)| 2 ) ?t\XT-t)) 
Let Ci — 1, C 2 = sup£>{c v + 4| VV<| 2 }) an d C 3 — k±, we get 



dt. 



dS t < -(1 - log u t )(Z t - ki 



-q t - u t (l - logu t ) 2 Z t 



dt. 



Now we consider the process {X^_ s } s& [o,t} starting from x at time t This process has 
nonpositive drift on {S s > 0}. On the other hand, S s convergences to — oo as s — > 0Vr(x), 
where t(x) = inf{s < t : X^_ s ^D,s>0}. □ 
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